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A subset S of L is a basis for L if 5 is a maximum set of disjoint elements and each s in 5 is basic. L has a basis if and only if each strictly positive element of L is greater than or equal to at least one basic element (Theorem 5.1). In Theorem 5.2 we show that L has a basis provided that it satisfies the following condition.
(F) Each strictly positive element of L is greater than or equal to at most a finite number of disjoint elements.
One of the main results of this paper is that an /-group that satisfies (F) can be constructed from ordered groups by a sequence of cardinal and lexicographic extensions (Theorem 6.1). Each /-group with a basis contains a greatest /-ideal C that satisfies (F) (Theorem 6.2). The structure of C is then given by Theorem 6.1. We show in Theorem 6.3 that if L satisfies (F), then L is a topological group in its interval topology if and only if L is ordered.
If 5= {ay: y£r} is a basis for L, then each ay is contained in a maximal convex ordered subgroup Ay of L, and the small cardinal sum X^+^7 ot these o-groups is an /-ideal of P. If P is any other basis for L, then T consists of elements from the Ay; one and only one element from each Ay. In Theorem 7.2 we prove that the following are equivalent.
(i) L has a basis and no maximal convex ordered subgroup of L is bounded from above?
(ii) There exists an /-isomorphism of L onto a sublattice of the large SOME STRUCTURE THEOREMS FOR LATTICE-ORDERED GROUPS 213
cardinal sum of the Ay, and this sublattice contains the small cardinal sum of the Ay.
In particular, £ is Archimedean and has a basis if and only if £ can be embedded in a large cardinal sum of subgroups of the real numbers (Theorem 7.3). £ is a small cardinal sum of Archimedean ordered groups if and only if £ is Archimedean and satisfies (F). We also show that if £ is complete and has a basis, then £ is /-isomorphic to the large cardinal sum of the Ay if and only if every basis of £ has an upper bound.
In §8 we explore the possibility of generalizing Theorem 6.1 in order to obtain a structure theorem for an arbitrary /-group with a basis. In §10 we obtain some results for /-groups that do not have a basis. In §11 the previous results are applied to commutative /-groups. Each abelian /-group £ has a unique divisible closure D, and if £ satisfies (F), then so does D. Applying Theorems 6.1, 7.2, and 7.3 to £ we get a complete structure theorem because a lexico-extension of a divisible abelian /-group by a divisible abelian /-group is necessarily direct (Proposition 11.2).
The theory in §9 is entirely due to A. H. Clifford. Also Clifford was exposed to an earlier version of the proof of Theorem 6.1 and suggested improvements, many of which are incorporated in this proof. In particular, the original proof of Theorem 6.1 made use of the special case when £ has a finite basis [4, Theorem 1 ] and this version does not.
Cardinal sums, lexico-extensions and lexico-sums. A subset 5 of an
/-group £ is convex if (i) a<x<b and a, b<ES imply that xGS, and (ii) aUOGS for all a£S.
Clearly the intersection of convex subsets of £ is a convex subset of £, and a set of positive elements of £ is convex if and only if it satisfies (i). If 5 is a subgroup of £, then (i) is equivalent to (i') 0<x<b and bES imply that xES. where the Ay are ordered groups (notation o-groups), then it is easy to show that the Ay are the maximal ordered /-ideals of £. In fact, in §7 we show that the Ay are the maximal chains in £ that contain 0 and are convex.
For any subset S of £, let [5] denote the subgroup of £ that is generated by S.
Theorem 2.1. Let Lyfor 7GT be convex subsemigroups of positive elements of L such that LaC\Lß = {0} if a 9^ß and let A be the subsemigroup of L that is generated by the £T. (1) L=Z+Ay. S be an /-ideal of P. In Lemma 9.1 we show that L = (S) if and only if each nonzero element in L/S consists entirely of positive elements or entirely of negative elements. If S9*0, then L= (S) if and only if each positive element in L\S exceeds every element in S [4] . Let 5 be an /-group, P an o-group, and L = S®T. Define that s4-/£L is positive if />0 or i = 0 and 5 = 0. Then L = (S) and we say that L is a direct lexico-extension of S. In §11 we prove that if L is divisible and abelian, and if L = (S), then L is a direct lexicoextension of 5. In [4] examples are given of lexico-extensions that are not direct. Also, see the example in this paper after Theorem 2.3.
Let Ai, • ■ • , An he o-groups; then by a finite alternating sequence of cardinal summations and lexico-extensions we can construct /-groups from the i4 i in which each A, is used exactly once to make a cardinal extension and the o-groups used to make the lexico-extensions are arbitrary. We call such groups lexico-sums of the Ai. For example, if « = 3, then there are two ways of constructing lexico-sums of Ai, A2, A3 in this order, namely, (i4i+(i42+-43)) and ((Ai+A^+Az). A subset {a7:7Gr} of £ is disjoint or the elements ay are disjoint if each ay>0 and aaC\aß = 0 for all a^ß. In particular, the null set O is disjoint. In [4] the following theorem is proven. In Theorem 6.1 we generalize this result to the case where each positive element of £ exceeds at most a finite number of disjoint elements, and we prove this result without using Theorem 2.2.
Corollary
I. £ is a lexico-sum of n ordered subgroups if and only if L contains n disjoint elements but does not contain m + 1 such elements.
II. Suppose that L contains n disjoint elements but notn + l such elements. Then the following are equivalent.
(a) £ is a proper lexico-extension of an l-ideal.
(b) For each proper convex subgroup C of L there exists an element a in £+ such that a>C.
Proof. Suppose that £ satisfies (b). Then since £ is a lexico-sum of a finite number of o-groups, either L = (I) for some /-ideal I^L or £ = .4+£i where A and B are nonzero /-ideals of £. In the latter case no a in £+ exceeds A. Conversely suppose that I^L is an /-ideal of £ and £ = (/). If C is a proper convex subgroup of £, then either CÇ.I or CD£ If CQI, then each aG£+V exceeds C. If CZ)I, then C/I is a proper convex subgroup of the o-group L/I. Pick an X in L/I that exceeds every element in C/I, and let cGC Then X = I+x>I+c and hence I+x-c>I. It follows that x -c>0, and hence x>C.
Note that (a) implies (b) in Corollary II with no restrictions on £, but that the converse is, in general, not true. Proof, (i) If 0<a<EL» and yf\i = 0, then £"= |xG£: xf\z = 0} is a con- (ii) Let A = (xG£: 0<xgy}. Since L" is convex it contains A. Thus if L" is ordered, then so is A. Conversely suppose that A is ordered, and let P={x£Lv:x>0}.
It suffices to show that P does not contain a pair of disjoint elements. Consider a, bEP-By (i) aH\y>0 and bi~\y>0. Thus a(~\y and b(~\y belong to i4 which is ordered, and so aC\bi\y > 0. Therefore aC\b > 0, and hence L" is ordered. We say that L has finite rank if it contains only a finite number of convex subgroups, and that a lexico-extension L of an /-group S is of finite rank if L/S has finite rank. Proof. Suppose that A£B, AQB and AC\B^0. Then there exist 0< aGA\B and 0<oG£VL af~\b£.Ar\B because A and £ are convex. If 0 < cG-4f^£, then c<a and c<b because AC\B is an ordered convex subgroup of the o-groups A and B. Thus c^aC\b. But this means that a!~~\b is a maximal element in the nonzero o-group AC\B which is impossible.
Corollary.
If 0¿¿A is a convex ordered subgroup of £, then there exists a greatest convex ordered subgroup of L that contains A.
For by our lemma the set of all ordered convex subgroups that contain A is ordered by inclusion. Hence the join of this set is the desired group. Note that every chain 5 of elements of £ that contains 0 satisfies (ii) OUaGS for all o G 5.
Thus such a chain is convex if and only if it satisfies (i) a<x<b and a, 6G-5 imply that xGS. Finally assume that 5P\£=0. Then £+n-£" = 0. Pick 0<pGR+ and 0>mG£_, and let z = n+p. Then n = z -p<z< -n+z = p. Thus z<E:R. If z<E:R+, then 0<-n = p-z'=p, and hence -n belongs to R+C\-R~ = 0, a contradiction.
If zÇzR~~, then n = -z+n= -p<0, hence -p(E.R~ and p belongs to R+r\-R~, a contradiction. Therefore ST\T^0. It follows that £ = 5=£.
If R is a maximal chain of L that is convex and contains 0, then R is a convex ordered subgroup of L.
Jakubik [5] also proves that if £ is a maximal chain of £ that is convex and contains 0, then £ is a direct summand of £. See Lemma 7.1 in this paper for a short proof of this result.
Corollary
II. Each convex chain C of L that properly contains 0 is contained in a unique maximal convex ordered subgroup of L, namely, the maximal convex chain M of L that contains C.
The uniqueness of M follows from the corollary to Lemma 3.1. The null set is a basis for the one element /-group. If 0<s£P and P is an o-group, then {5} is a basis of P. Therefore 5 is a basis of P.
Theorem 2.2 is a structure theorem for /-groups with finite bases. For the remainder of this section we assume that S= {ay: 7£T} is a basis of L. Suppose that £ is a subgroup of an /-group G and that £ is a lattice with respect to the partial order induced by G. Also suppose that for each 0 <g(E.G there exists an xG£ such that 0<x^g.
Then the basis 5 of £ is also a basis for G. Conversely if {gy: tGT} is a basis of G and if for each 7GT we pick a 6YG£ such that 0<by^gy, then by Proposition 4.3, Q= {oT:7Gr} is a basis for G. It follows that Q is a maximum disjoint subset of £ and that each by is basic in £. Therefore Q is a basis of £. In particular, let D be the completion of £ by nonvoid cuts (see [2, p. 229] Every basis of L is a maximal independent set and every maximal independent subset of L is a basis provided that L has a basis.
Proof. If P = 0, then the null set is a basis for P and the theorem is trivial. Assume that L^O. Let S= J0<a7:7£r} be a basis for P, and consider 0<x£P.
There exists a 7£T such that x(~\ay>0, for otherwise 5 is not a maximal set of disjoint elements. But this means that 0<xHo7 = x and xi~\ayE[Ly] which by Proposition 4.1 is a convex ordered subgroup of P. Therefore Lxr,ai is ordered and hence x(~\ay is basic. Thus P satisfies (*), and clearly 5 is a maximal independent subset of P.
Conversely suppose that P satisfies (*). By Lemma 5.2 there exists a maximal independent subset P= {0<a7:7£T} of P and P^D-We wish to show that P is a basis for P. It suffices to show that P is a maximal set of disjoint elements. Suppose (by way of contradiction) that there exists 0<x£P such that xf\ay = 0 for all 7£T. Then by (*) there exists y£P such that 0 <y = x and y is basic. 0 = y(~\ay = xC\ay = 0. Therefore T\J {y} D P and PU {y j is an independent subset of P, but this is contrary to our choice of P.
I. If L has a basis and C is a convex subgroup of L, then C has a basis.
For if P satisfies (*), then so does C. The first example in §8 shows that if L has a basis and if C is an /-ideal of P, then L/C need not have a basis.
II. If L has a basis and T is an independent subset of L, then T is contained in a basis of L.
For by Lemma 5.2, P is contained in a maximal independent subset S of P, and by Theorem 5.1, 5 is a basis for P.
We shall frequently restrict our attention to /-groups that satisfy:
(F) Each 0 <o£P is greater than at most a finite number of disjoint elements.
, then L has a basis.
Proof. Assume (by way of contradiction) that 0 <y£P and that no basic element is contained'in {x£P:0<x = y}. Then {z£P:0<z = x} is not ordered for any x = y. But this means that each x = y is greater than a pair of disjoint elements. Thus we have the following diagram of strictly positive elements in P.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use y¡,r}yu=0 yíi¡r}ym=0 It follows that yi2, ym, yim, • • • is an infinite disjoint set of elements each of which is less than y, a contradiction.
Therefore y exceeds at least one basic element, and hence by Theorem 5.1, £ has a basis.
I. L is a lexico-sum of a finite number of ordered subgroups if and only if L does not contain an infinite disjoint set.
Proof. If £ does not contain an infinite disjoint set, then clearly £ satisfies (F), and hence has a basis. This basis being a disjoint set is necessarily finite. Therefore by Theorem 2.2, £ is a lexico-sum of a finite number of ordered subgroups. The converse follows immediately from Corollary I of Theorem 2.2.
Corollary II. If 0<<xG£ is greater than at most a finite number of disjoint elements, then £° is a lexico-sum of a finite number of ordered subgroups. This corollary now follows from Corollary I.
Corollary III. If L satisfies (F), then each La (0<a^L) and each convex subgroup C of L that is bounded from above is a lexico-sum of a finite number of ordered subgroups.
Proof. If C is a convex subgroup of £, a(EL and a>C, then La~DC. But by Corollary II, La and hence C has the desired structure.
Let T= {a7:7Gr} be a maximal independent subset of £. By Lemma 5.1, for each y in T, ay>0 and Lay is an o-group. Thus by the corollary to But then T\J{q] is an independent subset for each 0<g£i4, a contradiction. Therefore there exists a 7£T such that Qí\Ay9í0 and hence by Lemma 3.1 (since Q and -4T are maximal) Q = Ay. Therefore M is the set of all maximal ordered convex chains of P that contains 0. Finally if ir is an /-automorphism of P, then clearly í47tt£M for all 7£r. Thus ( Y,+Ay)ir= }Z+Ay Corollary I. If \39£U= {c¡: 5£A} is a maximal independent subset of L, then there exists a 1-1 mapping cr of A onto T such that c¡EAs,.
For each c¡ determines a unique greatest ordered convex chain C¡ that contains it and Ct = Ay for some 7£T. Thus a maximal independent set is a set of strictly positive elements in U7Sr^47 that contains one and only one element from each Ay, or the null set if T-Q.
II. If C is an ordered convex subgroup of L and P^D, then
CQAyfor some 7£T.
For by the corollary to Lemma 3.1, C is contained in a maximal convex subgroup of P. [A ] and the i47 are independent of the particular choice of a basis. In fact, if P^O and P has a basis, then this basis is a subset of U7er -47 that contains one and only one element from each .47. If P = 0, then the null set is a basis. Since U, V, and £ are convex y.-if^y.-iG UC\B and yi2f\yy2G Ff\B, and hence y,riy;G(£n£)+(F/°\£).
Since y,G£, either yaG£ or ya^B. At most 5 of the y,i do not belong to B, for otherwise U/iUC\B) contains more than 5 disjoint elements, and this contradicts our induction hypothesis. Similarly, at most / of the yl2 do not belong to £. Therefore at most s+t of the y, do not belong to £, and hence n = s+t = n + l, a contradiction.
Therefore £/£ has a basis of n or fewer elements.
Corollary.
If L has a finite basis of n elements and B is an l-ideal of L that contains the basis group [A ], then L/B has a basis of fewer than n elements.
This follows from the proof of Theorem 5.5 except that we let the induction hypothesis be: U/iUr\B), (V"/(VT.5)) contain less than s(i) disjoint elements.
6. Small lexico-sums of o-groups. Thus since B is a proper lexico-extension of / it follows that xi^v = 0. Therefore c = 2bC\c+vEB++B*.
We say that an /-group P is a small lexico-sum of o-groups Cy (7£T) if there exists a finite or infinite sequence Cn (»=1, 2, • • • ) of /-ideals of P such that (i) C'QOQ ■ ■ ■ , and Utli Cj = P; (ii) C^E.er+C,;
(iii) for «>1, Cn= ]C7er"+C^, where each C^isa convex subgroup of P and either a nontrivial lexico-extension of a finite cardinal sum of two or more of the components C%~1 or else C™ is equal to one of the CJj-1.
Suppose that P is a small lexico-sum of o-groups C\ (7£T). Then clearly each positive element of P is greater than at most a finite number of disjoint elements. Thus by Theorem 5. Note that Theorem 2.2 is a special case of this theorem. We could make use of Theorem 2.2 and shorten the following proof slightly, but we prefer to give an independent proof. As remarked above, if P is a small lexico-sum of o-groups, then P satisfies (F). We prove the converse. In all that follows assume that L satisfies (F). By Theorem 5.2, P has a basis. Let [.4 ] = J^+^t be the basis group of P. [.4 ] will serve for C1 and the main body of the proof is concerned with the inductive procedure of getting from C" to Cn+1.
Suppose that {P7:7£r} is a set of convex subgroups of P that satisfy the following four conditions. The foregoing applies to each equivalence class containing more than one element. For an equivalence class consisting of one element 7 of T it follows from (d) (and this is the first use made of (d)) that D' = fj. In which case we take [D] to be P7. Now construct the subgroups one to each equivalence class mod ~, as described above and denote them by {D\: X£A}. were equivalent, then d would be disjoint from all but r <m of the subgroups C™+1, contrary to the minimality of m. Hence all the a, are inequivalent and there exists a cEL+ such that c>Bai for some ¿ and c>£0j. for some jVi We may assume (using (e) and (f)) that c>Bai and c(~\Baj = 0. Thus cf~\d >£",., (cr.¿)r\Bo. = 0, and (cHd)Pi6^ = 0 for all 7 not in {ah ■ ■ ■ , am}, but this contradicts the minimality of m. Therefore U¡" j Cn = L, and at long last this completes the proof of Theorem 6.1.
Another way to prove Theorem 6.1 is by use of the following lemma (the proof of which is quite short). Proof. Clearly £¡2 2+^7
and F 1S convex. Consider x, yEF. xC\Ay = yf\4 + = 0 for all but a finite number of 7. Therefore ix+y)C\Ay =0ior all [May but a finite number of 7. It follows from Lemma 2.1 that (Lx+")+C\Ay =0 for all but a finite number of 7, and so Lx+V has a finite basis. Thus x4-y is greater than at most a finite number of disjoint elements in Lx+y and hence in P. Therefore F is a convex subsemigroup of P and clearly P is normal. It follows from Theorem 2.1 that [P] = {a -b: a, 6£p} and that [P] is an /-ideal of P that contains [A] and satisfies (F). If 0<a£P\ [p] and aC\Ay =0 for all but a finite number « of the 7, then it follows that a is greater than at most « disjoint elements, and hence a£P, a contradiction. Therefore a(~\A*9¿0 for an infinite number of 7.
The interval topology of P is defined by taking as a sub-basis for the closed sets all closed infinite intervals [a, » ] and [-» F a]. Birkhoff [2] has asked the question: Is P a topological group in its interval topology? Northam [6] has shown that the answer is no for the /-group in Example I of §10, and Choe [3] has shown that the answer is no for any noncyclic /-group that satisfies the chain condition (see the corollary to Theorem 7.2). We shall show that the answer is no for all nonordered /-groups that satisfy (F). Note that if P is ordered, then the open intervals a = x = 6 are open sets in the interval topology, and it follows that L is a topological group. Proof. Suppose (by way of contradiction) that P is a topological group in its interval topology. Then since the interval topology is Ti and a topological group is regular, P is Hausdorff. Thus there exists a finite subset A =ai, ■ ■ • , a" of P that satisfies (*). a,-=(a,-i, ai2), where a,i£.4i and a,-2£.42 for ; = 1, • • • , «. We may assume without loss of generality that ai is the element with smallest second coordinate in the subset of all elements in i4 with largest first coordinate, and that a2 is the element with the largest first coordinate in the subset of all elements in i4 with the smallest second coordinate. Then we have the following "picture" of L. Ai + a2 = (\jb1\vj(\j cX
It follows that i4i+i42 satisfies condition (*) in the corollary to Lemma 6.4, but this is impossible by Lemma 6.5. Therefore P is not a topological group in its interval topology.
The problem now is to find an example of a nonordered /-group that is a topological group in its interval topology.
7. Ordered convex subgroups of P that are not bounded from above.
Clearly an ordered convex subgroup of P that is not bounded from above is also not bounded from below. Let {i4{: 5£AJ be the set of all ordered convex subgroups of P each of which is not bounded from above. Each A ¡is a convex maximal chain of elements in P, and conversely by Theorem 3.1, each maximal chain of P that is convex and contains 0 is one of the A¡.
Lemma 7.1. For each 5£A, P = -4S+.4S, where As is the subgroup of L that is generated by {x£P+: xf^.4^ = 0}. .4s is uniquely determined by A¡.
Proof. By Lemma 6.2, L^A¡+AS.
Pick 0<a£P. a>As. Thus either a£^45 or there exists 0<c£i4j such that 0<afV<c.
In the latter case a = aC\c+a', c = a(~\c+c' and a'fV' = 0. Thus a = a' mod A¡ and a'£.4s.
Therefore a£ylj4-^4s and hence A =-4j+i45. It follows from Lemma 6.1 that i4s is uniquely determined by As. Proof. If 0<x£P, then there exists a y£P such that 0<y = x and y covers 0. Thus y is basic, and hence by Theorem 5.1, P has a basis. Let [A ] = 22+i47 be the basis group of P. The only ordered group that satisfies (C) is the infinite cyclic group. Thus the i47 are infinite cyclic groups. Since P satisfies (C), the .47 are not bounded from above. Thus P satisfies condition (i) of our theorem, and (C) assures that P is the small direct sum 2+-47. This well known result is also an immediate consequence of Theorem 6. 2nd taking the odd terms of {a¿} to get a sequence {6<}. 3rd taking the even terms of {6¿} to get a sequence {cj}. 4th taking the odd terms of {c,| to get the sequence {di}. For each / in P let It he the group of integers, and let P be the large direct sum of the p. For each a =(•••, at, • ■ • ) in P let Fa be the set of all the nonzero components at of a each of which has a subscript / that is maximal with respect to the set of all subscripts of the nonzero components of a. Define that a is positive if each element in Fa is positive. It follows that P is an /-group with a basis, and that the basis group of P is the small direct sum of the In (nEN).
[H] is the large direct sum of the 7" (nEN), and L/[H] is /-isomorphic to the large direct sum B of the I, (sES). B has no basis. In fact, B has no convex ordered subgroups except {0}.
9. The subgroup of P that is generated by the nonunits. We shall call an element u in P a nonunit if w>0 and uC\v = 0 for some 0<î»£P (in Birkhoff's terminology u is not a weak unit).
Lemma 9.1. Let H be an l-ideal of P. Then the following are equivalent.
(1) L = (H). Since each element in a+H is positive, it follows that a exceeds every element in H. Therefore P = (H). £ does not contain any nonzero ordered convex subgroups. For if C is such a subgroup, then since £ is Archimedean, C is not bounded from above. Thus by Lemma 7.1, L = C+D, which is impossible. In particular, the null set is the only independent subset of L.
L is generated by its set N of nonunits. For let h be the function which is identically equal to 1 on [0, l]. Then h=f+g, where/and g are given by the diagrams on the following page. Clearly/ and g are nonunits. Thus hE [N] and by Lemma 9. Proof. Let C= {x£P+: x does not exceed any basic element of P}. We have shown that B~DC9i{o}. Suppose (by way of contradiction) that xEB\C.
Then there exists an element y in P such that 0<y = x and P" is ordered. By Lemma 3.1, P"P\i47 = 0 or P*Çi47 or i47ÇP» for each y in Y. If
AyQL" or P"Çi47, then 0<a7fYy = a7nx = 0. Thus LyC\Ay = 0 for all y£r, and hence PW{y} is an independent subset of P, but this contradicts the maximality of P. Therefore B = C. 11. Commutative £-groups. Throughout this section we shall assume that £ is a commutative /-group. In particular, £ is torsion free. Therefore there exists a unique (to within an isomorphism) d-closure D of £. That is, £ is a torsion free divisible (m£=£ for all m>0) abelian group, D~DL, and for each d in D there exists a positive integer n such that ndEL. £ is a rational vector space, and there is a unique way of extending the partial order of £ to a partial order of D so that D is an /-group and £ is a sublattice of D. Simply let {xG£: mx = 0 in £ for some m>0} be the set of positive elements of D. In particular, if £ is an o-group, then so is D. As an example, if L satisfies the chain conditions (see the corollary to Theorem 7.2), then £ is a small cardinal sum of isomorphic copies of the additive group of rational numbers. Proof. Clearly £"7drÇ£<ir for each 7 in T. Each Ddi is an o-group, and hence each m7í/7 is basic in £. Also it follows easily that F is a maximal disjoint subset of £, and hence F is a basis for £.
Let S= {ay: 7GT} be a basis for £. Then each Lai is a convex o-subgroup of £ and hence Da"> = £aT is a convex o-subgroup of D. Thus each o7 is basic in D, and by an easy argument 5 is a maximal disjoint subset of D. Therefore S is a basis for D.
Note that if £ is Archimedean and has a basis, then D is also Archimedean and has a basis. Hence by Theorem 7.2, D can be embedded in a large cardinal sum of divisible subgroups of the additive group of real numbers.
We have applied our structure theorems to the rational vector space D. These theorems can also be applied to vector lattices over ordered division rings provided that we restrict our attention to convex subspaces.
